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Abstract. In this short note, we prove general theorems for isoperimetric problems on lat- 
tices of the form l]^ x which state that the perimeter of the optimal set is a monotonically 
increasing function of the volume under certain natural assumptions, such as homogeneity or 
local symmetry. The proved monotonicity property is surprising in view that solutions are 
not always nested and, consequently, standard techniques such as compressions do not apply. 
The monotonicity results of this note apply in particular to vertex- and edge-isoperimetric 
problems in the ^p distances and can be used as a tool to elucidate properties of optimal 
sets. 

1. Background 

Isoperimetric problems are classical objects of study in mathematics. In general, such 
problems ask for sets whose boundary is smallest for a given volume. A classic example 
dating back to ancient Greece is to determine the shape in the plane for which the perimeter 
is minimized subject to a volume constraint. 

Two notions of the boundary which are commonly considered are the vertex boundary 
and the edge boundary. These are defined as follows. Let A be a set of vertices in a 
graph G = (y,E). The vertex boundary of A is defined to be the set {v & V \ A : 
V ^ a for some a G A}. In contrast, the edge boundary of A is defined to be the set 
{e G i? : e = {v,a} for some a & A and v & V \ A}. The vertex (edge) isoperimetric 
problem for G asks for the minimum possible cardinality of the vertex (edge) boundary for 
a /c-element subset of V for each G N. 

One of the setting in which discrete vertex- and edge-isoperimetric problems have previ- 
ously been studied is the graph of the infinite grid viewed in the ii metric, in which two nodes 
are adjacent whenever their distance in the £i metric is 1 (see p!] for the vertex-isoperimetric 
problem and [2J for the edge-isoperimetric problem). Natural analogues of these problems 
are the vertex- and edge-isoperimetric problems on the infinite grid in the ioo metric. Since 
the metrics ii and £oo are dual, one hopes for interesting connections between the two prob- 
lems. Only very recently has this family of graphs began to be studied in [3], in which the 
vertex-isoperimetric problem is solved. 

2. Monotonicity of the optimal perimeter in isoperimetric problems on 

We denote vertices of a graph G by V{G), its edges by E{G), and write G = (y{G), E{G)). 
For X G V{G), we set Nv{g){x) = {y e V{G) : {x,y} G E{G)} to be the vertex- 
neighbourhood of X and Ne(g){-'^) = {e G E{G) : e = {x,y} G E{G) for some y G V{G)} 
to be its edge neighbourhood. We write Ng{x) for a neighbourhood of x in G when the 
distinction between vertex and edge does not matter. 
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We will be needing the following definitions: 

Definition 1. A graph A = {Z^^'^, E{A)) is locally symmetric if for every x E V{A), the 
neighbourhood Na{x) of x is symmetric about x. 

A graph G with V{G) = Tj'' xN'^ is locally symmetric if there exists a graph A = (Z'^"'""', E{A)) 
with centrally symmetric neighbourhoods such that for every x € V{G), the neighbourhood 
Ng{x) of X in G is the intersection of the neighbourhood Nj^{x) of x with G: 

NG{x) = NA{x)nG. 

If we consider the realization of an edge of a graph as a line segment connecting the two 
incident vertices, it is not hard to see that definition [1] implies that the the edges join to 
form a union of lines, each passing through at least two lattice points. 

Definition 2. A graph A = {Tj'''^'^, E{A)) is homogenous if for every x,y E V{A), the 
translation sending x to y sends Na{x) to NA^y)- 

A graph G with V{G) = Z'^ x N*^ is homogenous if there exists a homogenous graph A = 
(Z^+^,E(A)) such that for every x G V{G), 

NG{x) = NA{x)nG. 

Realizing edges as line segments connecting their incident vertices, one can easily verify 
that homogeneity implies that the line segments join to form a union of maximal sets of 
parallel lines. Homogeneity implies local symmetry and is a strictly stronger condition, as 
can be seen by the graph constructed by forming a single line by joining edges. 

Definition 3. A graph G is induced by a p-norm, < p < oo, if there exists some constant 
c such that for every x G V{g), Nv{x) = {y G V{G) : < ||x — y\\p < c}. 

Note that if a graph G with V{G) = Tj^ xN"^ is induced by a p-norm, then it is homogenous. 
Recall that colexicographical ordering is defined by 

(ai, 02,..., an) < {bi, 62, • • • , bn) (3m > 0)(Vi > m){ai = bi) A (a^ < 

Theorem 1. Let G be a locally symmetric graph on Z^. The minimum edge-perimeter is a 
monotonic increasing function of the volume. 

Proof. Let i? be a set of cardinality 1^41 + 1 with optimal perimeter. We find a point which 
can be removed without increasing the perimeter. This implies that a set of cardinality \A\ 
has minimum perimeter \dA\ less than or equal to \dB\. Such a point has the property that 
it has at least as many neighbours in Z'^ \ i? as it does in B. We derive a contradiction by 
assuming that such a point does not exist. 
Let 

Rx{y) = (2xi - yi, 2x2 - y2, 2xk - yk) 
denote the operation of reflecting point y in point x. 

Let p E Hr P\ B he greatest in colexicographical order. If p has no neighbour in B, then 
it can clearly be removed without increasing the perimeter. So let y be a neighbour of p 
in B. We show that the reflection Rp{y) of y in p is not in B. Since p is greater than 
y CO lexicographically, pi = yiii > m and pm > ym for some m > 0. For each i > m, 
'^Pi ~ Hi = Pi. Additionally, 

2pm ym ^ Pm, 

SO that Rp{y) > p colexicographically. Therefore Rp{y) ^ B. □ 
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Theorem 2. Let G be a homogenous graph on 1} . The minimum vertex-boundary is a 
monotonia increasing function of volume. 

Proof. We think of aU edges as hne segments connecting the vertices. Let e = {x, y} G E{G) 
be an edge of longest length. Let e be the vector having the magnitude and direction 
corresponding to e. Consider the family F of hyperplanes having e as a vector normal to 
their surface. Let h & F he the hyperplane with largest distance from the origin satisfying 
hr\ B ^ ^. Take any p G hCl B. Then the point p + e ^ B and also has no neighbours in B 
other than p. □ 

Theorem 3. Let G be a graph on Z'^xN'^ induced by ap-norm. The minimum edge-perimeter 
is a monotonia increasing function of the volume. 

Proof. Being induced by a p-norm, G is locally symmetric. Therefore the argument from 
Theorem [1] shows that for p G S of greatest colexicographical order, the reflection Rp{y) of a 
neighbour y E B is outside of B. However, a new issues arises, that it might land outside of 
the graph. For each i such that 2pi — yi<0, we apply a reflection in the hyperplane Xi = 0. 
Since orthogonal reflections commute, the order does not matter. The colexicographical 
order of the image can only increase, as its entries have increased. Moreover, each entry 
2]3j — 2/j < maps to — 2pi > 0, so this image is outside of B and inside the graph. Since 
a product of reflections is an involution, this gives an injective map from neighbours of p to 
points outside of B and inside the graph. Let z be the image of Rp{y) under these reflections. 
It remains to see that z is a. neighbour of p. For each i for which 2pi — yi < 0, the absolute 
valued difference between the ith coordinates of z and p is smaller than the corresponding 
difference of p and y: 

\zi -Pi\ = liVi - 2pi) -pi\ < \yi -pi\. 
For the remaining coordinates, the difference is the same. Therefore \\z —p\\p > \\y — p\\p, so 
z is a neighbour of p. □ 

Theorem 4. Let G be a homogenous graph on Z'^ x N'^. The minimum vertex-perimeter is 
a monotonia increasing function of the volume. 

Proof. As in the proof of Theorem [21 we consider an edge e = {x, y} G E{G) of longest 
length and the family F of hyperplanes having e as a vector normal to their surface. Though 
point p-\-e ^ B, this point might also be outside of the graph. If this is the case, we consider 
instead the vector — e, which exists by the local symmetry of the graph, and proceed by the 
same argument. □ 

Finally, we note that optimal sets are not necessarily nested. Consider the graph 
induced by the cxo-norm with c = 1. That is, the graph for which x ~ y iff maxj \xi — yi\ < 1. 
The set of edges is E{G) = {{x,y} : x,y E N" and ||x — y\\oo = maxj \xi — yi\ = 1}. We 
consider the edge-isoperimetric problem on this graph. 

Proposition 4. The optimal sets of are not nested. 

Proof. Figure [1] shows the uniquely determined up to reflection in y = x sequence of nested 
optimal sets of N^. Figure [2] shows a set with \A\ = 11 which has a smaller perimeter than 
the optimal nested set with 1^41 = 11. □ 

Nested optimal sets are crucial for the technique of compression and the fact that the 
optimal sets are not nested means that such an approach will not be possible. However, we 
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,4; 








Figure 1 . The unique (up to reflection in the hne y = x) sequence of optimal 
nested sets for 1 < \A\ < 11. The optimal nested set with \A\ = 11 has 
\dA\ = 17. 
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Figure 2. An optimal set having \A\ = 11 has \dA\ = 16. This set is better 
than the one of the same volume in Figure [1] 



believe that the monotonicity of the optimal perimeter established in this note is a useful 
tool for obtaining bounds, proving optimahty and understanding properties of optimal sets. 
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